Precise point positioning requires precise knowledge of satellite phase biases, satellite position and satellite clock corrections. In this paper, a method for the estimation of these parameters with a global network of multi-frequency reference stations is presented. It includes a clustering of the reference stations. First, individual satellite phase biases, position and clock corrections are derived for each cluster. Subsequently, the solutions of each cluster are combined. We exploit the integer property of the carrier phase ambiguities and perform an integer decorrelation and fixing within each cluster and also in the multi-cluster combination. The performance of the proposed method is analyzed with Galileo measurements on both E1 and E5a of the IGS stations. We defined 16 clusters and obtained satellite phase biases with an accuracy of better than 2 cm.
INTRODUCTION
Precise Point Positioning is becoming attractive as the user does not need any raw measurements from a reference station. Zumberge network of reference stations. Kouba and Héroux describe PPP in [2] including a precise modeling of satellite antenna offsets, phase wind-up corrections, solid earth tides, ocean loading and earth rotation parameters. They have also assessed the performance using IGS (International GNSS Service) products. Precise satellite orbit and clock information can be obtained by the Bernese software as described by Dach et al. in [3] .
Precise knowledge of satellite phase biases is required for PPP with integer ambiguity fixing. Ge et al. [4] used the Melbourne Wübbena combination and the ionosphere-free phase combination. These combinations were applied to satellite-satellite single difference measurements of 450 IGS stations to estimate the single-difference widelane biases and phase biases. The estimation is performed in two steps, i.e. a first step for the widelane ambiguity fixing, and a subsequent step for fixing the narrowlane ambiguities. The estimated phase biases of [4] vary by only 0.4 cycles per day for some GPS satellites. Ge et al. also show that their corrections enable a narrowlane (NL) integer ambiguity fixing, i.e. 91 % of the float NL ambiguity estimates are deviating by at most 0.1 cycles from the nearest integer.
Laurichesse et al. [5] estimated undifferenced satellite phase clocks, station clocks, satellite differential code/ phase bias, station differential code/ phase biases, station coordinate corrections, satellite orbit corrections and ambiguities in a Kalman filter. They used the same combinations as Ge et al. [4] , but processed undifferenced measurements. The assumptions on the process noise statistics are accurately described for each state parameter. Laurichesse et al. [5] analyzed the evolution of the narrowlane pseudorange minus phase biases over the whole year 2008 for all GPS satellites. They distinguished between blocs IIA and IIR satellites and observed a drift of only 3 narrowlane cycles per year.
Wen et al. [6] proposed to estimate the undifferenced satellite phase biases, non-dispersive geometry correction terms including their time derivatives, slant ionospheric delays, and carrier phase ambiguities in a Kalman filter. The ambiguity fixing was triggered based on the stability of the float solution and the statistics of the Kalman filter. The method was applied to the regional network of SAPOS reference stations in Germany.
Carrier phase integer ambiguity fixing is essential for precise satellite phase bias estimates. Blewitt proposed a sequential ambiguity fixing in [8] , which partially exploits the correlation between float ambiguities. The correlation was obtained from a triangular decomposition of the float ambiguity covariance matrix. Teunissen developed the famous Least-squares AMBiguity Decorrelation Adjustment (LAMBDA) method in [7] to solve the integer least-squares problem. The LAMBDA method includes an integer decorrelation and a sequential tree search to find the integer ambiguities which minimize the sum of squared ambiguity residuals. Teunissen provides an expression for the success rate of integer bootstrapping based on the cumulative Gaussian distribution in [9] .
Brack et al. [10] proposed a sequential Best-Integer Equivariant (BIE) estimator for high-dimensional integer ambiguity fixing. The authors performed n one-dimensional searches instead of one n-dimensional search, which is much more efficient. The Sequential BIE was used for satellite phase bias estimation with 20 reference stations.
Henkel et al. [11] developed an ambiguity transformation for GLONASS double difference carrier phase measurements to enable integer ambiguity fixing for FDMA-moduated signals. The transformation was used for joint ambiguity fixing of GPS and GLONASS.
In this paper, a method for undifferenced satellite phase bias estimation with a large global network of reference stations is presented. The method outperforms previous methods by • splitting the global network into several clusters and by introducing a parameter mapping, which maximizes the number of integer-valued parameters that can be estimated without rank defect on a global perspective
• fixing all integer-valued ambiguities within each cluster using integer decorrelation
• fixing the between cluster differential ambiguities using integer decorrelation
The method consists of two steps as shown in Fig. 1 . The first step includes the splitting of the global network into several clusters and a separate processing of undifferenced and uncombined measurements of each cluster. The second step includes the combination of the individual solutions.
We perform a clustering of the global receiver network for the following reasons:
• selection of common reference satellite and common reference receiver for all measurements only feasible with regional coverage
• common visibility at reference receiver and any other receiver within a cluster enables relationship between real-valued undifferenced ambiguity/ phase biases using double difference integer ambiguities The optimum size of the cluster depends on the geographical distribution of the reference stations. A large cluster size provides more measurements related to a certain satellite, which improves the accuracy of the respective clock and phase bias estimates. However, there are also two arguments for small to moderate cluster sizes:
• integer ambiguity decorrelation only feasible with small to moderate cluster size
• joint visibility between reference receiver and any other receiver of cluster reduces with size of cluster Thus, the optimum cluster size is a trade-off between maximizing the number of measurements and maximizing common satellite visibility. Fig. 2 shows a map with the locations of the 491 IGS stations. The stations are grouped into 16 clusters with the reference cluster being in Europe. Each cluster has a reference receiver, being denoted by a circle. It is selected based on the distances of the receivers' positions from the mean value of all station coordinates within one cluster. 
MEASUREMENT MODEL
The undifferenced carrier phase measured at receiver r ∈ {1, . . . , R} on frequency m = {1, . . . , M } of satellite k = {1, . . . , K} is modeled as
with the wavelength λ m , the carrier phase measurement ϕ k r,m in units of cycles, the line of sight vector e k r pointing from the satellite to the receiver, the positions x r and x k of the receiver and satellite, the speed of light c, the clock offsets δτ r and δτ k of the receiver and satellite, the tropospheric mapping function m T depending on the elevation angle E k r , the tropospheric zenith delay T z,r , the ratio of frequencies q 1m = f 1 /f m , the ionospheric slant delay I k r,1 on f 1 , the integer ambiguity N k r,m , the receiver phase bias β r,m , the satellite phase bias β k m and the phase noise ε k r,m . The pseudoranges are modeled similarly as
with the code biases b r,m and b k m , the pseudorange multipath ∆ρ k MPr,m and the pseudorange noise η k r,m .
PARAMETER MAPPING
In this section, we introduce a parameter mapping that (a) combines some of the above parameters to enable a full-rank system of equation and that (b) combines ambiguities mainly with ambiguities to preserve the integer property of ambiguities. The mapping requires the selection of a reference receiver and reference satellite being denoted by the lower/ upper index ref.
As the reference receiver and reference satellite are cluster dependent, we introduce the index c = {1, . . . , C} to denote all cluster dependent parameters.
The rank-defect of the absolute clock offset estimation is prevented by mapping the satellite clock offset of the reference satellite ref of cluster c to the receiver clock offset, i.e.
The clock offsets of the other satellites are adjusted respectively:
The code biases b r,m and b k m of the first two frequencies can be mapped to the clock offset and ionospheric delay:
with
Solving for the biases of the clock offsets and ionospheric delays gives:
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The receiver clock offset is extended to:
with γ 1m being the element of the 1-st row and m-th column of Λ −1 . The satellite clock offsets are adjusted respectively, i.e.
The slant ionospheric delay is adjusted similar as:
with γ 2m denoting the element of the 2-nd row and m-th column of Λ −1 .
The estimation of an individual receiver phase bias for each receiver, of an individual satellite phase bias for each satellite, and of an individual integer ambiguity for each link is not feasible due to a rank deficient. We perform the following parameter mappings to overcome the rank defect:
• mapping of phase bias of reference receiver to satellite phase biases
• mapping of ambiguities of reference receiver to satellite phase biases
• mapping of ambiguities of reference satellite to receiver phase biases Additionally, the phase biases have to be corrected for the code biases being mapped into the clock offsets and ionospheric delay. Thus, the receiver phase bias with lumped code biases and ambiguities of reference receiver and satellite is given bỹ 
The satellite phase bias is adjusted respectively, i.e.
The individual integer ambiguity is related to the integer ambiguity of the reference receiver and reference satellite, which results in the well-known double difference integer ambiguity: (14)
SINGLE CLUSTER SOLUTIONS WITH KALMAN FILTER
In this section, we briefly describe the estimation of satellite positions, clock offsets and phase biases for one individual cluster.
The carrier phase and pseudorange measurements of all receivers r ∈ {1, . . . , R} and frequencies m ∈ {1, . . . , M } in cluster c of a certain epoch are stacked in a column vector, i.e.
Similarly, all unknowns of cluster c are stacked in the state vector x given by 
As the satellite positions and clock offsets are known from the broadcast orbits with an accuracy of 1 m and as the order of magnitude of atmospheric errors and satellite phase biases is also known, we introduce some prior knowledge on these state parameters:x 
with a priori known covariance matrix Σx. Both measurements and prior information are linear dependent on the state vector. Thus, z andx of epoch n are combined to
with H n being the projection of the state vector into the measurements at epoch n. We use a standard Kalman filter to estimate x n from the extended measurement vector, i.e. the a posteriori state estimatex + n at epoch n is given bŷ
with the Kalman gain K n . The estimated state vector also includes
double difference ambiguities. A typical cluster with R = 40 dual-frequency receivers and an average of 9 visible satellites per receiver results in 2 · (40 − 1) · (9 − 1) = 624 double difference ambiguities. The fixing of a few hundred of ambiguities to integers is computationally demanding. The integer transformation Z of Teunissen [7] is still feasible to decorrelate the float ambiguity estimates, i.e.N ′ = ZN,
whereN represents the ambiguity estimates of all receivers and frequencies in cluster c as obtained from the Kalman filter: 
The subsequent ambiguity fixing can not be performed by a tree search due to computational limitations. However, a sequential adjustment as described by Blewitt in [8] is still feasible. The i-th ambiguity conditioned on all previous ones is given by:
The conditioned decorrelated ambiguities are rounded to their nearest integer number:
The real-valued parameters of Eq. (16) are adjusted after the ambiguity fixing to improve their accuracy.
COMBINATION OF CLUSTERS
This section describes the combination of the satellite positions, clock offsets and phase bias estimates of all clusters. We derive a multi-cluster solution to achieve the following benefits:
• satellites being visible from more than one cluster provide multiple correlated satellite position, clock and phase bias estimates
• selection of a reference cluster c ref enables relation of cluster-dependent satellite phase biases to satellite phase biases of reference cluster and to exploit integer property of double difference ambiguities related to reference satellite of reference cluster and any other satellite being jointly visible at reference cluster and any other cluster, and being observed by the reference stations of both clusters.
The satellite position estimate of the c-th cluster can be related to the true satellite position:
where the true position is cluster-independent and ηˆ x k,c denotes the error of the estimate. The estimates of the cluster-dependent satellite clock offsets of Equation (3) are related to the satellite clock offsets of the reference cluster and differential (cluster to reference cluster) satellite clock offsets, i.e.
The estimates of the satellite phase biasesβ k,c m of Equation (11) include satellite and/ or constellation-dependent parameters. Therefore, we rewrite the satellite phase bias estimates aŝ
The satellite phase bias estimates of any cluster c can be related to the satellite phase bias estimates of the reference cluster, i.e.
The first three terms can be combined tõ 
withṽ
The meaning, dimensions and notation of the reduced parameter set are summarized in the following list. 
SIMULATION RESULTS
In this section, the performance of the proposed method is analyzed. We simulated Galileo measurements on the frequencies E1 and E5a of the full Galileo constellation (27 satellites) for the IGS stations. The IGS stations were grouped in 16 clusters as shown in Fig. 2 . The measurement noise was simulated as white Gaussian noise with a standard deviation of 2 mm for the carrier phase and of 20 cm for the pseudorange measurements. An epoch spacing of 100 s was chosen. The process noise of the satellite position errors, receiver and satellite clock offsets, receiver and satellite phase biases, troposheric zenith delays and ionospheric slant delays was modeled as Gaussian noise with a standard deviation of 1 mm/ epoch. Fig. 3 shows the convergence of the estimated satellite position and clock corrections using multiple clusters. The errors are below 3 cm for almost all epochs and satellites. A similar performance is achieved for the satellite phase bias estimates in Fig.  4 . The latter ones are mostly below 0.1 cycles (2 cm). Fig. 5 shows the benefit of the multi-cluster solution over the single cluster. The left subfigures refer to the single cluster and the right subfigures to the multi-cluster solution. Each line refers to a satellite pass. The single cluster solution has a poor accuracy for the parameters related to satellites rising at the edge of the cluster. On the contrary, the multi-cluster solution provides orbit corrections, satellite clock offsets and phase biases with an accuracy between 5 mm and 20 mm for all satellites. 
